Komananas yctHas osmMnuana (¢ perneHnsiMn)

Muaamiias jura

1. (2) Tpu kynuka, KaxKJplil ¢ JIBYMsI YeMOJIAHAMMU, XOTSIT MEPEIPABUTHCS I€PEe3 PEKY.
EcTb TpexMecTHaS JIOJKA, KayKI0€ MECTO B KOTOPOH MOYKET OBITH 3aHATO UeJTOBEKOM WJIN
yeMojilaHoM. HUKTO 13 XKYJIMKOB He JOBEPUT CBOI YeMOJIal CITyTHUKaM B CBOE OTCYTCTBHE,
HO T'OTOB OCTaBHUTb UeMOJlaHbl Ha Oe3siojHoM Oepery. CMOryT Jin OHM IHEepernpaBUThCs !

(JToznky, mpucTasiiyto K 6epery, cantaeM JacTbio Gepera. )

Omeem: cmoryT. Pewenue. Oboznaunm »Kyaukos Oyksamu A, B, C. Cuagana C' nepe-
BO3BUT CBOM YeMOJIaHbI, 3aTeM OH (0e3 Garazka) BO3BpAIaeTcs OOpATHO U MepeBo3uT A u
B (6e3 baraxa). Iloce storo A u B BOo3Bpaimamorcsa, u A 1MepeBO3UT CBOU YeMOJIAHbI.
Haxkoner A u C' Bo3BpaInaroTcst u 1epeBo3sT B, KOTOPhIil BO3BPAIIAETCsT OJIIH 38 CBOUMU

JeMoJaHaMMU.

2. (2) Y Cammn ectb 5 KyJIbKOB ¢ KOHDeTaMi. BeiOnpast BCeBOZMOXKHBIMI CIIOCOOAMI TTapy
KYJIbKOB U IIOJCUYUTBIBas cyMMapHoe 4uncjo konder B xHux, Calra 3aMeTHI, 4TO CYMMbI

MPUHUMAIOT TOJIBLKO TpU 3HadYeHus: 53, 66 n 79. CKoJIbKO KOH(MET B KayKJI0M KYyJIbKe?!

Omeem: 20, 33, 33, 33, 46. Pewenue. JIs1 Kayk0ro Ky/abKa BBIIUIIEM 9YHCJIO0 KOH(ET B
rem. Cpejiu 9TUX YUCesT eCTh OJIMHAKOBbIE (MHAUe, T00aBJIsIs OJJHO K OCTAJIbHBIM, TIOJTY THIH
Obl deThipe pasHbiX cyMMbI). CyMMa JIBYX OJMHAKOBBIX — UHCJIO YeTHOE, TO eCTh 66.
SHaYNT, BCe OJINHAKOBbLIE YNC/Ia PaBHBI 33. Tenephb SICHO, YTO BCe HEYETHBIE UNC/Ia PABHBI
33 (unaue Bmecre ¢ 33 He nostyunm 66), a Kaxkji0e 4eTHoe paBHO J160 53 — 33 = 20, 1160

79 — 33 = 46, npudem oba 3Tu caydas peaansyiorcd. OTciona OTBeT.

3. (3) Bymaskublil TpeyroJbHUK €O CTOPOHAME @, b, ¢ TI€PErHyJu 1o TPAMOii Tak, 9To
BepIIHa, TPOTUBOJIEYKAIAS CTOPOHE JJINHBI ¢, MonaJjga Ha 3Ty cropony. M3BectHo, 1To
B TIOJIYIUBIIEMCS YeTBHIPEXYTOIbHUKE PABHBI JIBa YIVIa, TPUMBIKAIONNE K JUHAN CTHOA.

Haitjiure jyimHBI OTPE3KOB, HA KOTOPBIE JIEJINT CTOPOHY ¢ IMONABINAsA TY/a BEPIIHA.

ac bc
Omeem: ——, ——. Pewenue. [Iycts KL — nmuauns cruda, C' — ynoMsinyTas BepIIHa,
a+b a+b
C" — ee nonoxkenne nocie nepernda. Orpesok C'C’ cocraBien U3 BBICOT PABHLIX TPE-

yroabuukos KCL uw KC'L. Yruwt CKL nu CLK paBHbI KaK CMEXKHbBIE K PABHBIM YIIAM
YeTBIPeXyTroJIbHIKA, 3HaunT, Tpeyroibuk K CL — pasnobenpennsiii. [Tosromy CC’ —
ouccekTpuca yriaa C, u JeJuT CTOPOHY ¢ Ha yKa3aHHBbIE B OTBETE OTPE3KMU, ITPOIOPIIIO-

HaJIbHbIE JIBYM JPYTUM CTOPOHAM.

4. (5) U3 kmeruaroit qocku 20 X 12 BeIpesasn HeHTpaJibHbI KBajgpar 2 X 2. Mox#o



JIM OCTABIIYIOCS YacTh pa3pes3arh Ha GUrypku B Buje OYKBbI [ (cocTosimme 3 deTbipex

KBaipaTnkoB)? OUrypKu paspernaercs MoBOPAINBaTh U MEPEBOPATHBATE.

Omeem.: Henb3si. Pewenue. Packpacum BepTUKaJIM 110 OUepeid B YePHbIi 1 OeJsiblil 1[BeT.
Torna durypka npu JiroboM OJIOYKEHIN HAKPhIBAET HEYETHOE TUCJI0 OEJThIX KJIETOK: 3 WJIN
1. OcraBiiyiocst 4acThb JOCKH 13 236 OCTABIINXCs KJIETOK HaJI0 pa3pe3arhb Ha 59 purypox.
B #ux Boiijer HEUeTHOE UNCI0 OEJIBIX KJIETOK, TOIIa KaK OCTAI0Ch 128 OeJIbIX KJIEeTOK —

YUCJIO YeTHOE. SHAUUT, Pa3pe3aTh HEJIb3s.

5. (5) Ilycte x u y — HeoTpuuaTesbHBIE YUCIA, CYMMa KOTOPBIX HE IPEBOCXOJIUT 1.

Joxazknte, uto o2 + 8x%y* + y? < 1.

Pewerue. 1 > (z+y)? > 4y, nostomy 2xy > 2xy-4oy = 8x?y?. Orciona x?+8x%y?+y% <
42y +yt = (v +y)* <1

6. (5) Hdan pasuobenpennsiit Tpeyrobank ABC (AB = BC'). Ha cropone AB Bbibu-
paercs Touka K, a Ha cropone BC' — rmouka L tak, uro AK + CL = %AB . Haiimure

reoMeTpUYIecKoe MeCTO cepeinH OTpe3KoB K L.

Pewenue. Ormernm va AB Touky M, a na BC' — touky N Ttak, utoobt AM = CN =
iAB . Ormerum takzke Touku My u Ny — cepequnnt AB u BC'. Ha orpeske M N orme-
tuM Toukn Moy 1 Ny epeceuenust orpeskos ANy u C'M; ¢ orpeskom M N. Herpymao ybe-
mutbest, 910 MoM = NoN = AB/4. Tlokaxkewm, ato uckomoe 'MT coBrasaer ¢ orpeskom
MsNy. dcno, aro L u K nexat 1o pazuble croponbl oT npamoit MN u KM = LN. be3
orpaHMYeHMs OOIHOCTU cuuTaeM, 4To K jiexkuT Ha orpeske BM . IIposenem uepes K 1psi-
Myto nnapaJsiiesibHo BN 110 nepecevenns ¢ M N B HekoTopoit Touke D). CTOPOHBI TPEyTroib-
nukoB M KD u ABC napaJjuienbhbl, nodromy MK D — pasuobenpennniii, MK = KD.
Orpeskun KD u N L paBubl u napaJuieibibl, 3uaaut, K N LD — napaJiieiorpaMm, 1 ce-
peanna E orpeska K L nexut na DN; kpome toro, NE > NoN u ME > MM, Tak Kak
ecsin K’ Touka cummerpuunas L ornocurensno N n L' Touka cuMmMerpuunast K ornocn-
tresibio M, to NE = KK'/2 > MiN1/2 = NNy u ME = LL'/2 > M{N1/2 = M M.
Buaunt E € MyN,. Obparno, nycts F/ — Touka na MsNsy, u, ckaxkem, Ny < EMs.
Ornoxxub Ha EM orpesok ED = EN, nposejisg depe3 D npsimyto rnapaJuiesibio BN 10
nepecedenusi ¢ BM B Touke K u oryioxkus Ha Jjiyde NC orpesok NL = DK, noaydum

Hy2KHBbIe HaM 0Tpe3ok K L ¢ cepeaunoii E (HeCJI0KHO MPOBEPUTH, 9T0 L OyIer JiexKaThb

na BC).

7. (6) B psiy sammcanbl HECKOJIBKO PA3JIMIHBIX HATYPAJIbHBIX 1nces. HazoBeMm mapy psi-
JIOM CTOSIIIUX YNCEJ NA0TOM, €CJIN UX CYMMa KpaTHa 7 U JieBoe OOJIbIle IIPaBoro, Moo mx
CyMMa He KpaTHa 7 1 JIeBOe MEHbIIe IPaBoro. Kaxkayio MUHYTY 4nciIa KaKoi-HIOYIb U3

IJIOXUX TTap MEHSIoTcS MecTaMu. JlokaxkuTe, 9TO paHO WM MO3/IHO TaKne MepecTalHOBKI



IPEKPATATCA.

Pewenue. Bynem 1o Tomy 2Ke IpaBIIYy OIPEIE/TIATh ILJI0XNE Taphl U JIJIT HECOCETHIX TNCEI.
[Ipu KaxK 1011 1epecTaHOBKE 00IIIee YUCIO0 IJIOXHUX Map YMEHbIAeTCd Ha 1, oTpuiaTe/1bHbIM

OHO CTaTb HE MOZKET, IIO3TOMY PaHO MJIN ITO3IHO IIPOHECC 3aKOHYIUTCA.

8. (9) B psiz crour 1111 6uttofern, Ha nux Jjexxat 1, 2, 3, ..., 555, 556, 555, 554, ..., 2,
1 opexoB. 3a X0J1 pa3perraercsi MepesoyKuTh JTE000e 9ncjio (He MeHbIIEe OJIHOIO) OPEXOB C
JII00OT0 OJTIO/IA Ha COCeJlHee CJIeBa WU ChECTh JII000e YUCIO OPEXOB U3 CaMOI'o JIEBOTO
osmonna. [lers u Bacs nenaror xojwl o odepean, Haunnaer [lers. IIpourpoiBaer Tor, y

KOI'o HeT Xoja. KTo u3 HUX MOYKeT BBIUI'PATh, KaK Obl HE UIPaJl COIMEPHUK !

Omeem. BoiurpoiBaer Bacst. Pewenue. OTmernm O/IIOAIA ¢ HEYETHBIM YHCJIOM OPEXOB
(oHm wayT wepes ojHO). Pasobbem WX Ha mapbl ¢ OJMHAKOBBIM YHCJIOM OpexoB. llycTh
Bacst Bce xoJ1bl j1esaeT TOJIBKO U3 oTMedeHHbIX Outtogienl. Kazkipim xomom [lets mapyimaer
PaBEHCTBO J1JIs1 KaKO#-TO mapbl orMedeHHbIX Ojitojen. [Iycrs Bacst paBeHCTBO BoccTaHaB-
nuBaet: ecsn [letst qobaBu opexu B OJ1to/nie mapbl, Bacs nx youpaet; a ecin Bacst yopadt
KaKOe-TO 9UICJIO OPEXOB ¢ OIHOr0 OJTIo/Ia aphl, Bacst ydupaeT cTo/ibko 2Ke u3 jipyroro. B
pesysbTare Bacst Bcerjia MOXKeT ¢jiesiaTh X0/, IIO9TOMY OH He IPOUIPAeT, a TaK KaK Urpa

KOHEYHa, TO BBIUT'DAET.

9. (11) [Tycrb P — npousBejieHne HEKOTOPHIX BOCHMHU OC/IEI0BATEILHBIX HATYPaJbHBIX
quces, a () — HAUMEHBIIUI TOYHBIN KBaJpaT, /s Koroporo ) > P. Jlokaxwure, 9To

pasHOCTb () — P sIBJIsIeTCsT TOYHBIM KBAJIPATOM.

Pewenue. 3amernm, uto (a? — t2)(b? — t2) = a®b? — (a® + b*)t2 + t* = (a®V? — 2abt® +
th) — (a® — 2ab + b*)t? = (ab — t?)?> — (a — b)*. Ilyctb @ — b = ¢ — d = t. Torna
(a—2)(b—2)(c—2)(d—2)(a+2)(b+2)(c+2)(d+2) = (a®> —4)(b* —4)(2 —4)(d* —4) =
((ab — 4)* — 4¢%) ((cd — 4)* — 4¢*) = ((ab — 4)(cd — 4) — 4t2)2 — 4(ab — cd)*t?. Bzas
a=n+2b=nc=n+1,d=n—1nonyanmt =2, ab=n>+2n, cd=n?>—1,n
(n—3)(n—2)(n—1)n(n+1) (n+2)(n+3)(n+4) = ((n>+2n—4)(n?—5)—16)"—16(2n+1)2.
ITpu n < 7 aucio ((n?+2n—4)(n* —5) — 16)? — 6imkaiimmit KBapar K MPOU3BeICHUIO
P, ancen or n— 3 1o n+ 4. Ieiicreurensno, npu ymenbinennn ancia (n? + 2n —4)(n? —
5) — 16 Ha eUHUIY €ro KBaJIpaT YMEHBIIUTCA Ha IHUCII0 TTOPS KA 2n*, uTo Gosiblie dnCIA
16(2n + 1)%2. Ins n = 6 s1a dopmMysa «He TouHa»: oHa maeT Pg = 1348% — 522, o
3/1eCh TePBbIH KBa[PAT MOKHO YMEHLINTDL: 13482 — 522 = 13472 — 32. CooTBeTCTBEHHO,
Py = 6042 —44% = 6032—272%, P, = 204 —36° = 201?—9%. 3amevanue. Mpl uc1op30BaIn

yacTHBI ciiyuait Gosee obuieit hopmyibl (a? — ¢2)(b? — d?) = (ab — cd)? — (ad — be)?.

10. (12) B mpasmwibhHoM cemuyrosbinke ABCDFEFG croponbl pasubl 1. [Inaroxann
AD u CG nepecekatorcst B Touxe H. Jokaxure, uro FH = /2.



Ilepsoe pewenue. Cum. puc. [l Obosnaunm yron x = w/7. Samerum, auro ABCD u
ABCG — paBnaobokue Tpamnenun, Tak ato ABCH — napaJuiesorpaMm, a CjieJ0BaTebHO
1 pom6. Takum obpazom, AH = HC = 1. [lycrs niyun GA, C B niepecekatorcst B Touke M.
Cunras BIHUCAHHBIE YIVIBI B CEMUYTOJIbHEKE Toaydaem, ato ZAMC = 3x, ZACM = z,
tak uro Tpeyroiabunk AC'M pasuobeapennsiii, AC' = C'M. Janee, rpeyrosbauku HC M,
HAF paBHbI 110 IBYyM CTOpOHAM U yIVIy 2T Mexkjy Humu, Tak uro HF = HM nu
/FHM = /FHA+/ZAHM = Z/CHM+/ZAHM = 5x, Tak 9T0 MOXKHO ITIOCTPOUTH IIPa-
BUJILHBIN cemMuyroabank FFHM LK JI. Ilycts otpeskun M J, H K mepecekaiorcss B TOUKe
N. Torna NM = HM (3o pasenctso anajorndio AH = GA, HO B HOBOM CeMIyTOJTbHIU-
ke), GM = CM w3 cummerpun, /NMG = /NMH — /GMH = /GMC — Z/GMH =
ZHMC'. 3uagut, tpeyrosbauku NGM, HC M paBHBI 110 ABYM CTOPOHAM U YIJIY MEXKLY
aumu, Tak ato NG = HC =1 u ANGM = LHCM = 2x = 7 — ZFGA. Takum
obpasoM, G ectb cepenuna F'N u FFN = 2. Ornomenns 1 : FFH u F'H : 2 oKa3bIBalOTCst
COOTBETCTBEHHBIMU OTHOIIEHUSIMI B JIBYX HAIIUX IMPABUJIbHBIX CEMUYTOJbHIKAX, TaK ITO

OHH PaBHBI, UYTO W TPeOOBAJIOCH JOKA3ATh.

Bmopoe pewenue. Kak 1 B mepBoM perernn, HadneM ¢ HaOmogeruns, aro ABCH —
napaJsiiesiorpamm, myctb U — oOmas cepeauna ero jguaronaseit, V. — cepeauna BF'.
Torna FFH = 2UV 1o Teopeme o cpejineit iunun tpeyrosibiuka B H F'. Ham nonagooures
Takoit obmuit dakt: ecin Xy, Xo, X3, Xy mo06ble 4 Toukn mjaockoctu, M;; — cepeJuHbl

COOTBETCTBYIOINX 0TPe3KoB X; X, TO
AMisM3, = X1X2 + Xo X3 4+ X3 X7 + Xy X — X1 X3 — Xo X1

YCTaHOBHUTD €ro MOZKHO, HalIpIMep, paccMoTpes apaJutesorpaMMbl Bapunwsona M;; M My M;,
Jtst iepectanoBok (4, 7, k, 1) = (1,2,3,4),(1,3,2,4), (1,2, 4, 3), nanucas jijisi HIX DaBEeH-
CTBa IHapaJsiiejiorpaMMa U BbIUTS U3 CYMMbI JIBYX TpeTbe. Vm npuMeHsist J1eKapTOBbI

KoopanHaThl. Paccmarpusast derwbipexyroabnk X1 XoX3Xy = ABCFE Mbl BUauM, 9TO
X3Xy = XuXo, X1X3 = X Xy, Tax uro 4UV? = AB? + BC? = 2, uT0 1 TpeboBaJIOCh.

Crapniag jaura

1. (3) Ha jiocke HanmcaHo HECKOJIBKO Pa3/IMYHBIX YUCEJI, PUYEM H3BECTHO, YTO Cpe-
JII JTIOOBIX TpeX 4uces, HAMCAHHbIX Ha JIOCKE, eCTh JBa UNC/ia, CyMMa KOTOPBIX TaKKe

Halmcana Ha Jocke. Kakoe HamboJIbIlee KOJIMIECTBO YNCE)I MOXKET OBLITH Ha JOCKe!

Omeem: 7. Pewenue. Bo-1iepBbIX 3aMeTHM, 9TO MOXKHO J100aBUTH K duciam (0, eciim ero
TaM HET, U YCJIOBHE COXPaHUTCdA. Bo BTOPBIX, 3aMETHM, UTO MOXKHO OTJIEJIHLHO H3ydaTh

I[MOJIOZKUTEJIbHUE YHUCJla, HalluMCaHHbIC Ha AOCKE, W OTACJIbHO IJId HUX TOXKE YCJIOBUEC BbI-



ITIOJIHAETCH. PaCCMOTpI/IM TOJIBKO ITOJIOZKUTEJIbHbIEC YHCJIA. HYCTB HaI/I60.Hlee€ N3 HUX YUC-
710 — 510 A. [lycrs B — BTOpOE 110 BeJINUNHE [OJIOKATE/IbHOE YNCI0. PacecMOTpuM TpoiiKy
(A, B, z), rae x moboe Ipyroe UMeIOIeecss Ha JIOCKe MOJIOKUTEebHOe Iucio. ZICHO, ITo
TOI'/Ia Ha JIOCKe He MoxKeT ObITh cymma A + B u A + x — onn Gosbitie, gvem A. 3xaqunT
Ha JOCKe ecThb 4ncio B + x, u, Tak Kak oHO OoJblie, ueM B — 310 A. Snaunut jo0boe
JIpyToe TOJIOXKATEIHbHOE YUCI0 Ha gocke, Kpome A u B — 310 A — B. Orcroga sicHO, 9TO
ITOJIOZKUTEJIbHBIX YHCEJI Ha JTOCKE HE 60.HBH_[€ TpeX. AH&HOFI/I‘{HO JOKa3bIBACTCA, 9TO OT-
pUIATEILHBIX YUCEST Ha JIOCKE TOXKe He 0OoJIbllle TpeX. SHAYUT BCEro Yuces Ha JIOCKE He

bosiee cemu. st cemu cymecrByer npumep: —3, —2, —1,0,1, 2, 3.

2. (4) Haitpure Bce dyukuun f: [—2;2] — R Ttakue, 410 Jijist JHOOBIX BEIIECTBEHHBIX T

1 Y BepHO paBeHCTBO f(sinz + cosy) + f(siny + cosx) = sin(x + y).

Pewenue. Tloacrasum y = 7/2 + x, noayuum f(0) + f(2cosx) = cos2x = 2cos’x — 1,
oryta f(t) = t2/2 — (f(0) + 1) mnst moboro t € [—2,2]. Toxcrapiss t = 0 HaxoauM
f(0) = —=1/2, f(t) =t?/2 — 1/2. Jlerko BujieThb, uTo Takas (yHKIHsT MOJIXO/UT.

3. (5) Ilo xpyry Jiexkut 17 0JMHAKOBBIX HA BUJ MOHET, U3 KOTOPBIX JIBE JIEYKAIIHE Psi-
JIoM — paJibIuBbIe. Bee HacTosAIe MOHETHI BECAT OJIMTHAKOBO, 1 00€ (DATBINTNBBIE MOHETHI
BeCAT OJIMHAKOBO U MPU TOM Jierde HacTodamux Ha 1 rpamm. MMmeroTesa xaunkue Bechl —
9TO JallledHble BEChI, KOTOPBIE JIOMAIOTCS, €CJIN PA3HOCTH BECOB Ha valrax 0oJibIe 1 rpam-
Ma, OJTHAKO, TTOKA3BIBAIOT IIPU 9TOM, Kakas dallla IepeBecuia. Kak 3a JiBa B3BENTUBaHUS

Ha XJIUIKUX Becax 0e3 rupb HailTu 0de dasibIIuBble MOHEThI !

Pewenue. IIponymepyem monetsl oT 1 g0 17. Iosmoxkum Ha oHYy Yallly BeCOB MOHETHI 1,
2, 4, 6, 14, 16, a Ha BTOPYIO YaIlly BECOB MOHETHI ¢ HOMepaMu 3, o, 7, 8, 10, 12. Ecan

BeChl CJIOMAJIMCh, TO Mbl HaILIH (aJbIInByIo Mapy. Kcim Becbl B paBHOBecHuU, TO (haJjib-

L

Puc. 1: K zagaue



IMIBBIE MOHETHI €CTh Ha 00enx Jalliax Mo OHOM (Tak Kak, OYeBUHO, HAIIN B3BEIINBAHNI
3aJ1e/Ii JTI0OYTO Tapy MOC/IeI0BaTEeIbHBIX MOHET), U 3HAYUT, Hapa (basbIIUBbIX MOHET —
910 J1I0bast napa ot (2,3) 1o (6,7). Eciu nepsas garia Jjierde BTOPOii, TO Ha Heil POBHO
ojiHa QasbIBasi MOHETA, 1 3HAYUT Mapa (aJblInBbIX MOHET — 9T0 mapa ot (13,14) 1o
(17,1). Hakowrer, ec/u jierde Bropast daiia, TO mnapa (DajbliBbIX MOHET — 3TO Hapa OT
(8,9) 10 (12, 13). Taxum ob6pa3oM, B JIOOOM CJIydae, eCIu Mbl ellle He HAILIUA (DasIbIIIBYIO
mapy, TO Mbl IMeeM 3aJady IONCKa (DaJIbIINBON IMaphl CPeIH IIEeCTH IOCIeI0BATE/IbHBIX
momeT. [TokazkeM, 1To 310 BozMoxkHO. [IponymepyeMm 3anoBo MoHeTHI OT 1 10 6. B3ecum
Ha OJHOI Jarmie MoHeTHI 1 m 2, a Ha BTOpOil — MoHeTHI b u 6. Ecyam Becbl c/IOMaJINCh,
TO MBI HAILIN (DaJbIINBYIO Tapy. Kcim paBeHcTBO, TO (asbImBbie MOHETBl — 9T0 (3,4).
Ecsu jierde niepast gaiia, 1o napa asbimBbix MoHeT — 970 (2, 3). Hakoner, ecymi jierde

BTOpasi 4aiia, To dpablinBas napa — 1o napa (4, 5).

4. (5) CymecrByer Jin Bozpacrarolias appuMeTHIeCKast IPOrpeccHsi, cocTostas 3 2012
HATYPaJIbHBIX YNCENI, B Pa3/I0KEHNH KaxKJI0T0 U3 KOTOPBIX Ha IIPOCTble MHOXKUTEN YeTHOe

9HMCJIO Pa3J/IMYHBIX IIPOCTBIX qucesr?

Omeem: na, cymectByet. Pewenue. Boibepem 2012 mnocienoBarenbabIX dncesa n+ 1, n+2,

., n + 2012 Tak, 9ToOBI Yy KarKJ0ro M3 HUX OBLI IPOCTOMN Je/INTe/b, He BXOASIINN B
pas3IozKeHnsT OCTAJIBHBIX (HAIPUMEpD, MOCTPOUM TaKue 9YHcja 110 KuTaiickoii Teopeme 06
octaTkax). IlycTh 910 pocThie Yucia — pi, P2, - - ., Paolz. KpoMe 3TOT0, pacMOTPUM eIre
2012 mpocThIX ducesn qi, qa, - - ., 2012, KOTOPBIX HET B PA3JIOXKEHUAX BbIOpaHHLIX 2012
OCJIeIOBATE/ILHBIX Uncest. Tenepsb OyjieM cTpouTh 9ucio A, Ha KOTOPOe MOTOM yMHOMKIM
BCe BbIOpAHHBIE HAMU YHCJIa, 9TOOBI TOJYINIaCh Tpedyemasi porpeccusi. 3aMeTUM, 9T
gobapyieHne B 9nciao A mapbl MHOYKHUTEJEH Prgr MEHsIeT 9eTHOCTH KOJUUIECTBA IIPOCTHIX
MHOYKHUTEJIeHl B TOYHOCTH TOJBKO B dmcie n + k. CTpost n3 Takux MHOXKHUTesel qucio A
MBI JI00BeMCsT TOro, 9ToObl y Beex wncet Bujia A(n + k) ObLIO YeTHOE YHCIO HMPOCTHIX

MHOXKUTEJIel B Pa3J/I02KECHN .

5. (6) ¥Y3g0M Ha30BEeM TOUYKY, 00€ KOOPJIMHATHI KOTOPOH — IeJble 4ucja. BHYTpU Tpe-
)
yroabanka ABC' ¢ BepimHaMy B y3Jjax paciozxeHo posao n > 0 y3ios. Kakoe nanbosb-

1ree YUCjI0 y3JI0B MOYKET HaxOouThcsd Ha cropone BC'Y

Pewenue. ITycts na cropone BC' naxojutcst m y3s108B. Torna onu jieisgt ctopony Ha m+ 1
PaBHBIX OTPE3KOB (ecin Obl 0Tpe3KH ObLIN ObI HE PaBHBIE, TO y3710B Ha cropoHe BC' ObLIO
661 Gosbie wem m). O6osnadnm gepes € = BC/(m + 1), To ects BC = (m + 1) - |e|.
PaccmorpuMm cpejin y3J10B BHYTPU TPEYTOJbHUKA y3JIbl ¢ HAUMEHBIINM PACCTOSHIEM JI0
BC'. Tlposenem depes aux npamyio [ napaJsensno BC. Ilyers npsimas [ nepecekaer AB

B Touke B', a AC — B Touke C'. Bkaiimuii ysesn Kk B’ cpen paciiosozKeHHbIX BHYTPU



rpeyroabiuka ABC u na npsimoii [ obosnaunm depes By, a 6iamkaiimmii ysesn k C7 cpenu
PACIIOJIOXKEeHHBIX BHYTpU Tpeyroyibauka ABC u Ha upsmoii [ obosnadnm depe3 C. Torma
B'B; < |e|, Bi1Cy < (n—1) - |é] (Tak Kak ecam Mbl OT/IO)KUM OT Bj BekTop (n — 1)€, To
MBI IOJIYYUM Ha 3TOM BEKTODPE yzKe N y3JI0B, clejoBareabno, Touka C 10JI2KHA JIesKaTh
BHYTPHU 1K Ha KoHIle 3roro Bektopa) u C1C" < €. Cuenosaresibio B'C’ < (n+1)-Je|. C
JPYTOit CTOPOHBI, MpsiMast | JTOJIZKHA JIesKATh MeXKJLy CpejHeil JuHueli (MOKeT COBIaIaTh
C Heﬁ) u croponoit BC', Tak KakK eCc/i OHa JIEYKUT <«BBIIIE CPEJHEl JIMHUUY», TO MOXKHO
orpasuTh A orHocuTeSILHO By M MOJYUNTDL y3eu1, Jexkaiuili BuyTpu Tpeyrosibinka ABC
1 Haxogstiuiicst oyimzke Kk BC. Cnenosarensio B'C' > BC/2 = (m+ 1)|e| /2. Cosmernas
noJIydenible HepasencTsa nosydaem (m + 1) - |e|/2 < B'C' < (n + 1) - |e|. Buaunt
m < 2n+ 1. Ilpumep jyist 2n + 1 caeytommii: A(0;2); B(0;0); C'(2n+2;0). Ha cropone

BC posHo 2n + 1 y3eJ1, a BHYTPH TPEYroJbHUKA POBHO N y3JI0B.

6. (6) B npasusibaom cemuyrosbauke ABCDEFG croponst pasabl 1. naronamu AD

1 C'G nepecekatorcs B Touke H. Joxaxure, uro FH = /2.
Cwm. pemenne 3aga4qn [10 mutagmeit gurm.

7. (7) B crpane n asporiopros, HEKOTOPBIE U3 HUX CBA3AHbI JIBYCTOPOHHUMU OECIIocai04-
HbIMU aBuanHusMu. CeTb aBUaJUHUI CBA3HA: U3 JTIOOOTO ad3pPOoropTa MOXKHO J00PaThCs
110 Jiroboro apyroro. Okaszajoch, YTO He MeHee UyeM k a3poIopTOB — Y3JI0BbIE: IIPU 3aKPhI-
TUH JIIOOOTO U3 HUX CBA3HOCTL CETH aBUAJMHUI Hapymaercsd. [pu janabix nu k <n — 2

olpeaemre HanOOJIbIIIee BOBMOXKHOE YNCJIO aBUAJIUHII B CTpaHe.

Omeem: (n—k)(n—k—1)/2+ k. Pewenue. Ilpumep: Mezk1y asporopramu ¢ HOMEPaMI
or 1 10 n — k ecrb Bce aBUAJIMHKUU, KPOME TOTO, €CTh ABUAJIMHUN MEXKJY adpPOIHOpPTAMIE
(t,i+ 1) mpu n — k < ¢ < n — 1. Tokaxkem, aro GoJibllie aBraJnHUT OBITH HE MOXKET.
[lepeitgem na s3bIK rpadoB, TOrIA y3JI0BbIE a9POIOPTL — 9TO TOUYKU codjieHenus. Ham

IIOHAI00UTCs MTOHSITHE JiepeBa OJI0KOB 1 TOYeK couieHeHus: rpada. Hamomaum 06 sToMm.

JIBa pebdpa rpada OyjeM Ha3bIBATb NOTONHCUMU, €CJIM OHU COBIIAJIAIOT WM BXOJIAT B 00-
[T IPOCTOM UK (c pa3sHbIMU BepLLH/IHaMM). K101ueBoit MOMEHT COCTOUT B TOM, YTO BBe-
JIEHHOEe HAMU OTHOIIIEHHE TIOXOXKECTU €CTh OTHOIIEHNE SKBUBaJIEHTHOCTH. [leficTBUTE/IHHO,
JIOCTATOYHO JI0Ka3aTh TPAH3UTUBHOCTL. IIycTh pebpa a, b BxojsT B mpocToii nuki Bacs,
pebpa b, ¢ BxosiAT B mpocroii k. Beesostogr. Tloiiem o BeeBosioy oT KoHIIOB pebpa ¢ B
JIBE CTOPOHBI, IIOKA He HATKHEMCs Ha Bacio. DTo 1mpon3oiijieT He 1mo3:Ke, 9eM MbI 110J10f1eM
K pedpy b, Tak uTo Ha Bacio Mbl HATKHEMCsI B PA3HBIX BEPIIMHAX L1, To. ATOObI Oy INTh
IIPOCTOI IUKJI, CoJleprKallinii pedpa a u ¢, JJOCTaTOYHO B3sThH Te pebpa Bceeposiosa, 110 Ko-
TOPBIM MBI IIPOILIK (B TOM 4HC/Ie ¢), U J00aBUTH Ty 4acTh Bacu oT X1 /10 T2, B KOTOPOii

JIeXKUT pedbpo a. Kitace skBuBajaeHTHOCTH pedep OyeM HasbiBaTh 040k0M. JIerKo BUIETh,



aro JBa OJsioka (Kak rpadbl) MOIYT UMETh He 6oJiee OTHOM OOIIelt BEPIITIHBL, I 9Ta BEPII-
Ha €CThb TOYKa COUJIeHeHUs. PaccMOTpUM HOBBIH rpady, BEepIIMHBI KOTOPOI'O CYTh OJIOKH 1
TOYKHU COUJIEHEHUsI, 1 peOpPO COOTBETCTBYET TOMY, YTO TOYKA COUJICHCHUS TPUHAJJICIKUT
osioky. HeTpynHo BUIeTh, 9TO 3TOT Tpad e€CTh JePeBO, U €ro BUCsUeil BEPITUHON MOXKET

OBITH TOJIBKO OJI0K. OH HasbIBaeTcs kpatnum baokom rpada.

[lepeiinem k pemennto 3agaun. Unnyknmsa o n. dng n = 2 yTBep:KjaeHune MOHATHO.
Tak ke ono scno s k = 0. IlycTb a1 MeHbIINX 3HAYEHUN 1 OIeHKa yCTaHOBJIEHA U
k > 1. Paccmorpum kpaitauii 6JI0K, IyCTb OH COJIEPXKUT T + 1 BepIiuHy. YjaaJauM ero
pebpa (1 Bce BepIIUHBI, KpOMe TOYKH COWIeHeHns1) u3 rpada, ocranercst Xorst 6ur k — 1
Touka counenenusi. [losromy, B gactoctn, k — 1 < n — r — 2 (B cBasuoM rpade ¢
XOTsI OBl JIByMsI BEpPIMHAME €CTh XOTsI Obl JIBe HE TOUKH COUjIeHeHus1), n —r — k > 1.
[Tosb3ysich MH/YKITMOHHBIM ITPEJITOJIOKEHIEM T0JIyYaeM, YTO KOJIMUeCTBO pedep B rpade
ne npesocxogut r(r +1)/2 + (n—r —k+1)(n —r — k)/2 + k — 1. Maxkcumusupys
970 BbIpazkerue 1o r € [1,n — k — 1] nosydaem, 910 MakCUMYyM JIOCTUIAETCSI DU 7 =
1l wim r =n—k+1 (370 KBaApPATHBIl TPEXUIEH [0 T C MOJOKUTEJTBHBIM CTAPIIAM
K09 DUIIEHTOM, TaK 94TO MAKCUMYM AlPUOPH JIOCTUTAETCs B OJTHOM 13 KOHIIOB OTPE3KA)

u pase (n — k)(n —k —1)/2 + k, 1aro u TpeboBaIoCh.

8. (7) Ilycrb 1 u 2 — mBe oKpyzKHOCTH, Kacaornecs: B Touke 1. Hepes touky 1" mpo-
BeJIEHBI IIPsiMble @ 1 b, KOTOPBIE IIePeceKaroT OKPYKHOCTD 71 BTOPUYIHO B TouKax A n B
COOTBETCTBEHHO, & OKPY?KHOCTD Y9 — B TouKkax Aj n By coorBercrBerno. [lycrs X — mpo-
3BOJIbHAsT TOYKA IIJIOCKOCTH, He JiexKallas Ha JaHHBIX MPAMBIX @, b 1 OKPYKHOCTSAX 71,
9. OKPYyzKHOCTH, omucaHHble BOKPYT TpeyroibHukoB AT X n BT X, nepecekaioT OKpy K-
HOCTD 7o B Toukax As n By coorBercrBenno. Jlokarkure, uro npsimbie 1T X, A1 By u Ay By

[epeceKaroTcd B OJJHON TOYKE.

Pewenue. Cwm. puc. 2 Ilycrs npsmas Ay By Bropudno nepecekaer okpyzkuoctb AT X B

Touke Y . Tor,ua JJId HallpaBJICHHBIX YIVIOB MEXKY IIPAMBbIMIA UMEEM
A(AX, CL) = 4(AY, AT) = Z(YAQ, AQT) = Z(BlAQ, AQT) = Z(BlAl, AlT) = Z(BlAl, CL),

To ectb upsimbie AY n Ay B; napasnensasl. Ho npsmbie AB n Ay By napaJjiebHbl 13
TOMOTETUIHOCTH OKPYKHOCTell ¢ eHTpoM B Touke 1, Tak aTo Y jexut #Ha AB. Anajo-
I'IIHO, BTOpas TOUKa Z Iepecedenns npsimoit A1 By ¢ okpyzxuocTbio BT X nexxnt va AB.
Torya u3 mapaiensaoctu ABY Z || A1 By n BincanHOCTH 9eThipexyrosibanka As B A1 By

oIy 4yaeM
L(ZY, 7 Bsy) = L(B1A1, A1 By) = £(B1Ay, AsBs) = Z(A5Y, Ay Bs),

TO ecTb TOUKN Ag, Bo, Y, Z nexat Ha ognoit okpyzkHocTn. Ho Torma npsimbie T'X, A1 Bs,



A9 B1 cyTh paJiKabHbIe OCH 9TOi OKpyKHOCTH 1 oKpyzkHOocTeit AT X, BT X, otkyna n

cjeayeT u yreBepzKJceHue 3aa9u.

9. (8) lMosnoxkurenbuble gncia a, b, ¢ u d TakoBel, 910 a + b+ c+d = 1. Jlokaxkure, 9ro

a’ b 3 d3 1
A+0(1—0 " Uro0-a T 0+d0-0 0xai=0"1

Pemenune. PaccMoTpruM HEpaBeHCTBO

n n n n

(Z x?)(z y?)(z %) > (Z riyizi)’,

i=1 i=1 i=1 i=1
KOTOPOE BEPHO JIJIsI TIOJIOXKUTEIbHBIX 3HAYCHIIT TIePEMEHHBIX. DTO HEPABEHCTBO JIOKA3bI-
BaeTCsd, HAITPUMEDP U3 cOOOparKeHnit OIHOPOHOCTH. J[oCcTaTOUHO TOMHOXKNTE BCE MKCHI HA
cBOI KOX(PUITMEHT TaK, YTOOBI cCyMMa UX KyOOB cTajia paBHa 1, IOTOM TO Ke CJie/IaTh
C UTpeKaMU U C 3eTaMWU, & 3aTeM OIEeHUTH CjaraeMble U3 JIEBOH YaCTU 1O HEPABEHCTBY

O CPeJIHUX I Tpex umcesa Tz < (3 + yP + 23)/3. YMHOKUB Hallle HepaBeHCTBO Ha

MHOXKHUTEJIN

5=1+a)+(1+b)+(1+c)+(1+d) = (V1 +a)*+(V1+ >+ (V1 +c) +(V1+d)?
1 Ha

3=(1-a)+(1=b+1-c)+(1—-d) = (V1 —-a)P+(V1-0P>+(V1—c)P+(V1-d)?
1 IIPUMEHUB HAIIMCAHHOE BBIIIE HEPABEHCTBO, MOJIydaeM TpebyeMoe.

10. (9) B pag crour 2012 6uiomeuek, mporymeposansbix ot 1 10 2012, Ha k-om 6utogie

JIE2KUT POBHO k opexoB. /IBoe urpaior B Urpy. 3a Xoj pa3peniaeTcs IepeioKuThb Jiiodoe

Puc. 2: K zanaue[§



qucsI0 (He MEHbIIe OJIHOTO0) OPeXoB ¢ m-ro osioaa Ha (m — 1)-oe (rae m BeIOHpaeTest OT 2
10 2012 Ha yemoTpeHme urpoka), 6o 3abparh ¢ mepBoro Ooja J060e Iucao (Toke He
MEHBITe OJIHOr0) opexoB. [IpourpbiBaeT TOT, KTO He MOXKET cjiejaTh xoj. KTo Beiurpaer

IIpU IIPaBUJIbHON Urpe?

Pewenue. Pacemorpum Teopuio urpsel Hum. [lycts nmeiores Kyuku ¢ ay, as, . . ., @, KaMHs-
MU. 3a XOJI pa3peliaeTcs Oparh u3 Jobdoil Kyun Jiodoe dncio kamueil. [Ipourpeisaer Tor,
KTO He MOXKeT cJiesiaTh xXozna. OTMeTnM, 9To 370 Urpa KOHedYHa, TaK Kak He OoJjiee 4eM 3a
a1+ as+. ..+ a, X0J0B BCce KaMHU OY/IyT B3STHl. DTO O3HAYAET, ITO MO3UIINN B HEil MOIyT
ObITH ITPOAHAJN3NPOBAHbL. VI3yunM CTPYKTYpY BBIUTDBIIIHBIX U ITPOUTPBINTHBIX MO3UIINI
B 9T0i1 urpe. /g sToro BBegem B paccmorpenue omnepainio 6. Ilycrs aBa uncia x u y
peJICTaB/IeHbl B JIBOMYHOI cUCTeMe CUUCJIEHUs U [IPU 9TOM B UX 3allUCH TTOPOBHY pa3psi-
JOB (JIJIs1 9TOTO, €CJIn HY’KHO B HAYAJIO MEHbIero dncjia Hamuiem Hysm). CIoKuM a1
quesia ToOUTHO (6e3 MepeHoCoB) U pe3y/IbTar (TakKe Ync/Io B JBOMTHON crcTeme) OyieM
obozHaIATh Yepe3 @y (1o cioxkenne — anajor onepainn XOR, B mporpaMvupoBanuim).

JlokazkeM ciiefyionyio (HHTepecHyIo caMy 110 cebe) Teopemy:

Teopema. [Ipourpsimnbie nosunuu B urpe Hum, 510 B ToO9HOCTH Taknue HAOOPHI KOJIU-

JecTB KaMHell B KyJax a1, a9, ..., Gy, 9T0 a1 B as P ag ... P a, = 0.

JlokazkeMm, 9TO 9TO TaK, NHAYKIHEH M0 CyMMapHOMY KOJMYECTBY KaMHeil BO Bcex Kydax.
BenomunmM, BO-TIEPBBIX, YTO BLIUTPLINIHBIE TTO3UIUN 3TO TaKUe, U3 KOTOPBIX €CTh X0/ B
POUTPBINITHYIO TO3UIINIO, & ITPOUTPBINIHBIE TO3UIUN — 9TO TaKne, N3 KOTOPBIX JTI0OO0M X0/T
BeJIET B BBIUTPBIIIHYIO (TEPMUHOIOTHsT 00YCIOBIEHA TE€M, YTO HATHHATOIIEH ¢ TIPOUTPHIII-
HOi TIO3UIUHU TPOUTPBIBAET, & C BBIUTPBIIITHON — BBIUTPBIBABAET). Byjiem /10Ka3bBaTh, 4TO
orucanubie B (POPMYJIMPOBKE MO3UIUKA — ITO B TOYHOCTH BCE MPOUTPBIITHBIE. 3aMETUM,
qTO MO3UIMSE, B KOTOPOI BO BCEX KydaX HOJIb KaMHell, TPOUIPLINTHAsT (13 Hee HeJIb3sl CJie-
JIATH XOJI) U MPH 9TOM B-CyMMa Kak pa3 paBHa HyJo. Terepb MOKayKeM, 9To JIF000i X0
U3 MMO3UINK, B KOTOPOI cyMMa a1 B as P . .. P a, paHa 0 BeJgeT B MO3UINIO, B KOTOPOil 9Ta
cymMMa He HOJb. [IycTh Mbl B3sn k KamHeil 3 mepBoil Kydn. 3aMeTUM, UYTO B JBOMIHOM
Pa3JIO’KEHNH YNCJa a1 — k He MOTYT OBITH €JIMHUITHI Ha TeX »Ke MeCTaxX, UYTO U B YHCJIE a1,
TaK KakK MHade Obl OHO OBLIO He MeHbIle ucxoaHoro. Orciojia Mbl MoJIydaeM, UYTO HOBas
MO3UTINS BBIUTPBINTHAL 110 TPENOJIOKEHNI0 NHAYKINHN. Tenepb paccMOTPUM TTO3UINIO, B
KOTOpOil cymma a; b as P ... P a, He paBHa (. [Tokaxkem, 4To0 MOXKHO CJIeJIaTh XO/I TaK,
aro0bl OHa cTasia HyjeM. st 9Toro HaiijeM HAMOOJIBIINIT Pa3psiji (JIBOUIHOIO pas/iozKe-
HIIST), B KOTOPOM TTOOUTHAsT CyMMa He HOJIb. SHAYHUT €CTh KyUKH, Y KOTOPHIX B IBOMYHOM
IpPeJICTABIEHUN B 9TOM paspsijie ToxKe eauHnna. Ilycts Takas Kydka — 3T0 aq. V3Mennm
ee CJIeYIONM 00pa3oM: O0HYIUM TOT (camblii GOJIBINOI) paspsl, B KOTOPOM (B—CyMMa

HEe HOJIb 1 USMEHUM BCE 6I/ITbI7 B KOTOPbLIX TaK >Ke @*CYMM& ObLIa He HOJIL. HoBast CyM-



Ma OyJleT HOJIb, M, KPOME TOr'0, SICHO, YTO Mbl YMEHBIIIIIN KYy4y 1. TakuM oOpa3oM, Mbl

JIOKa3aJI1 110 UHJYKIIMU TEOpEMY.

Teneps pacemorpum urpy Huwm ¢ momosinennem. OTiimdane oT 0OBIMHOIT UTPBI COCTOUT B
TOM, YTO Ky4Yd MOXKHO KaK yMEHbIIATh, TaK U YBEJUIUBAThH. SICHO, UTO €CjIum He BBO-
JINTh HUKAKUX OTPpaHUYCHUIl Ha XOJIbl, YBEJUYUBAIONINE KYy4dld, TO Takas Wrpa He Oyjer
KOHeTHOI. Bynem canrars, 1To ecTh (Kakoe-To J060€e) orpaHndeHne, n3 KOTOporo Caey-
eT, YTO YMCJIO YBEJINUNBAIOIINX XOJ0B Oy/eT KoHedHo. Torjia Takasi urpa COBEPIIEHHO He
OTJIMIAETCS OT PACCMOTPEHHOM, MbI IIPOCTO Ha BCE XO/JIbI, YBEJMYUBAIONINE KYUKU, OyieM
OTBEYATH YMEHDbIIIEHNEM Ha TO K€ YUCJI0, Ha KOTOPOe TOJBKO UTO YBEJUUN/I JIPYyTOil nr-
pok. Takum oOpazoM, B TaKoil Urpe HPOUTPHIINIHbIE TO3UIUN OINKUCHIBAIOTCS aHAJIOTUIHO.
Haxkomnerr cBejiem Harry urpy K onucannoit Bwiie urpe Hum ¢ ysenmuenusmu. JIst 9To-
ro Mbl OyJieM paccMaTpuUBaTh TOJBKO OJIIOJIIIa C HEYETHBIMU HOMEpaMM, a Ha OJIojIa ¢
YeTHBIMU HOMepaMu He OyjeM obpalaTh BHUMaHUE. 3aMeTHM, YTO Hallla UIpa KOHEIHA
(Ol MHBAPUAHTOM SIBJISIETCsI, HAIIPUMED, CyMMa HOMEPOB GJIFOJIEl], TOCUNTAHHASI 110 BCEM
opexaM — $ICHO 9TO Takasl CyMMa Tiejast U ¢ KazKJbIM XOJOM YMEHbIIaeTcs1). SHAUYNUT B
Haleit urpe OyJIeT BCero JINib KOHEIHO YUCJI0 XOJI0B 1 TeM OoJiee JIUITh KOHETHOE YNC/I0
XOJI0B U3 OJIIOJIIA ¢ YeTIHMU HOMEPOM B OJIIO/IA ¢ HedeTHBIMU. TakKoil Xoj MbI Oyaem
paccMaTpuBaThL MPOCTO KaK yBesjedenue. Torga MbI TPOCTO cBesqn Urpy K urpe Huwm na
kyukax 1, 3, ..., 2011. ITocuntaem noburHyio cymmy 3tux uucesn. x 1006 u Bce oHun
HEYeTHBI, 3HAYUT B TOCJEHEM Pa3psijie CyMMa HOJIb. BbrareM n3 Beex yuces 1 u mnojeimm
Ha 2. [Tomyunm gucia ot 0 7o 1005. x cymma HedeTHA, 1 3HAUUT y UCXOIHBIX YNCET CyM-
Ma BO BTOPOM pas3psijie He HOJIb. SHAUUT 9Ta MO3UIINs BHINI'PHIIIHAS U BHINTPAET ME€PBbIii

UT'POK.



