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qucesr» (¢ pereHnsMu)

Maanmaga Jjura

1. Haiiaure HanMenbIee HATYpaJIbHOE YUCIO0, JAOIIee ITONapHo Pa3JImIHble OCTATKI IPU

nenenun Ha 2, 3,4, 5,6, 7, 8,9, 10.

Pewenrue. VI3yanm Bce dnciia, KOTopble 00J1aai0T TakuM coiicTBoM. O003HAUNM pac-
CcMaTpHUBaeMOe HaMI YUCJIO ¢ JIaHHbIM cBoiicTBoM 4epe3 N. Ecimm Takoe 4mciio g4eTHoe, TO
€ro ocTaTrok oT jgejenus Ha 4 — 310 2. Torma ocrarok oT jejeHus Ha 6 — 310 4, ...,
ocTaToK oT JesieHus Ha 10 — sro 8. Torma ocraTok ot jgejenust Ha 3 — 3T0 1, OT JejieHus
Ha b — 910 3, u T. 7. Takum obpazom, eciam N detHoe, To N + 2 JeJUTCS Ha BCe UUCIIA
or 2 1o 10, u swauntr N > [2,3,...,10] — 2. Tenepp nycrs N HedeTHO. AHAJIOIMIHO
nosydaeM, 9To N jaeT ocTaTok 3 OT JeJieHus Ha 4, ocTaToK O OT JejeHud Ha 6 u T. 1.
Hanee N maer ocratok 2 or jeserns Ha 3 (Tak kKak N JlaeT oCTaToK H OT JICJICHUS Ha
6) m ocratok 4 or meserust Ha 5. OcTaToK OT JesieHnst Ha 9 MOXKeT ObITh PaBeH TOJIBKO
8 (Tak kKak N He JIeJINTCs HA 3 U HEYETHBbIE OCTATKU 3aHSATHI), a JJI OCTATKa OT JIejie-
Hug Ha 7 octatorcd 2 BapuanTta: 0 m 6. B mepBom ciydgae N + 1 meautcsa Ha Bce 4nc/ia
or 2 jio 10, u 3waaur N > [2,3,...,10] — 1. Bo Bropom nosyuaem, uto N + 1 kpar-
1o [2,3,4,5,6,8,9,10] = 360 u maer ocrarok 1 or jgenenusi Ha 7. Hanmenbiee Takoe
qucyao — 310 1800, u 3naunt N = 1799 Oyner orBeTOM.

ap—1

. _ 1 _
2. Tocnenosarensrocts {a,} onpejenena peKyppeHTHO: a1 = 5 U G, = Tra g VI

2
n > 1. Haiigure cymmy a; + as + . .. + asoi2.

Omeem: %. Pewenue. Beegem B paccMoTpeHune I0CJIeI0BATe/IbHOCTL b, = C% s
Hee peKyppeHTHOe COOTHOIIIEHNe IepenuchiBaeTcs B Bujie b, = b,_1 + 2n. 3uauur b, =
_ -1 _1_ 1
2+4+...4+2n=n(n+1), orkyna a, = T = n T CrutaJbIBasg TaKue YUCIa 110
2012
BeceM n o1 1 o 2012 nosrywaem, 9To cymMMa paBHa 5575
3. BemecrBennnle uncia aq, as, . . ., @, TAKOBLI, 9TO

A+ ami1+...+a,=2m+(m+1)+...4+n

Ipu BCeX HATYpaJIbHBIX m < n. Jlokaxkure, 4T0 a% + a% + ...+ afl > 124224+ ... +n2

Pewenue. O6oznadanm 1epes by, pasuocts ay, — k. Torna ay, = by +k u a? = by + 2kby + k*.
Tenepn > 0 jar = > p_ b2 + 2> 4 kby + > p_, k% 3amerum, uto neppas cymma He

MEHBIIIE HYJIsA, TPEThsI CyMMa — 9TO TO, 9YeM HaM HYKHO OIEHUTH. SHAUYUT JIOCTATOIHO



JI0Ka3aTh, 410 Y ;_, kby, HeorpunaresbHo. amerum, uto Y i kb = > 1 (bg + bri1 +

...+ by) = 0 1o ycyosuo.

4. Haiiaure Bee Takue napbl HATYpaJbHBIX dnces (a, b), uto a? gemmrces na b, b nemures

na a u (b+ 1)% gemures na a + 1.

Pewenrue. Obo3HaunM yepe3 d HanOOJIbIINi 00munii gesuresib dnucesa a u b. Ilycrs a = a1d
u b = dib. Torma 1o ycaoBuio b%d2 neruTes Ha aid, oTKyna (Tak Kak a; u by B3anMHO
IPOCTBI) ICHO, ITO d JeJUTCst HAa a1. AHAOru9HO d jenutcs Ha by u, 3Haqut, d = a1bik
(MBI e1re pa3 BOCIOJIb30BAIUCH B3AUMHOI TpocToToil uncen ap u by). Torma a = a%blk
u b = blark. TlojcraBus 5TH paBeHCTBa B OC/Ie/Hee yCIoBHe, HoayunM, d4to biatk? +
203a1k + 1 nenures na abik + 1. Borarem BTopoe 4mc/Io U3 MEPBOro W COKpaTUM Ha bik.
Torna nosydaem, uro b3atk + 2a1by — a? nennrest na a2bik + 1. Samennm renepnb a2bk
Ha —1 B nepBoM ciiaraeMom Boipaskenust b3atk + 2aiby — at u nosyuum, uro —(aj — by)?
nemutes Ha asbik+ 1. Tenepb oT6pocuM MUHYC Yy e/ UMOro (OH He BJHUseT Ha, JIeJMMOCTD)
1 PACCMOTPUM HECKOJIBKO CaydaeB. Bo-1epBbIX, ecin a; = by, TO 09eBUIHO a = b 1 Takoii
ciyyait noaxoaut. Ecm a; > by, To umeem nepasenctsa aibik + 1 > a3 > (a; — by)?,
YTO HPOTUBOPEUUT jejumocti. Torja ocraercs ciydail by > ai. VI3 nepasencrsa b? >
(b1 — a1)* > a?by nosyuaem, aro by > a?. Ilo mouyimo by uucio (by — ap)? cpasuumo ¢ af,
KOTOpOE, B CBOIO 0vepejib, Menblie, dem by. Eciu sammcars (by — a1)? = t(ajbik + 1) n
IIOCMOPETH Ha 9TO PABEHCTBO 110 MOJIYJIO by, a TaKyKe BCIIOMHUTH, 9TO t < by, TO MOXKHO
MIOHATE, UTO t = a%. OTcrojia MBI BBIBOJUM, 4TO by — 2a; = a‘llk:. Suauur by menurca Ha
a1, OTKyja (ONsITh ¥Ke, B CHJIy B3aUMHOIN MPOCTOTHI) sicHo, 110 a3 = 1. Torma by = k + 2

1 MBI TIOJTydaeM ceputo pemennit a = k(k+2) u b = k(k + 2)? a1a Bcex HATypaIbHBIX k.

Crapniag jura

1. Oyuxuumsa f(z), onpejesnentas IPU BCEX BEMECTBEHHBIX X, YIOBIETBOPSIET PABEHCTBAM
f(z) = f(z +T1) upu Beex x > Ay u f(x) = f(x + T3) upu Becex © > As, tue Ty, Ty —
JIAHHbIE TIOJIOZKUTEeIbHbIE dncia, Ay, Ay — naHHble BelllecTBeHHbIe ncia. JJokaxure, 4To
f(x) = f(z + T,) upu Beex x > Aj.

Pewenue. Ecim Ay > As, 10 310 oueBnmuHO. B mpoTuBHOM ciyuae npm Bcex T > Aj

BBITIOJIHEHO PaBEHCTBO!

¥ (az—l— [—A?fﬂ T1> = f <x+ {—’%;fﬂ T, +T2>

(rae 3a [w] obo3HAUEHO HAMMEHBIIICE IEJI0E YUCI0, He MEHBINEE W), TaK Kak

Ay — A
o |

T —‘T1>$—|—A2—A1>A1+A2—A1:A2.
1



OHako

f(:z:):f(x+T1):f(x+2T1):...:f<x+ [’42%1141] Tl),

1 aHAJTOTUIHO A
flx+Ty) = f <x+ [%—‘ T1+T2> .
[Mosromy f(z) = f(z + T3).

2. HarypasbHoe unciio k > 2 u BellleCTBEHHbIE 4HCIa @, b TAKOBBI, 9YTO MHOI'OYJIEH

a¥ 4+ ax 4+ 1 pesmres na muorodwnen a2 + bx + 1. dokaskure, uro a(a — b) = 0.

Iepsoe pewenue. Oboznaunm P(x) = x? + bx + 1. Tlyctb a # 0, uHaye o4eBUHO, YTO
a(a — b) = 0. Ilo reopeme Buera Kopan (Bo3MOXKHO, KOMILIEKCHBIE) MHorowiena P(z) B
pou3BeIeHNN JafoT eguHuIly. O003HAUINM UX Yepes3 U 1 % Torma u3 J1eJIMMOCTH 11EPBOIO
MHOTOUJIeHa Ha BTOpoil ciemyet, uto uf + au +1 = 1/u* + a/u + 1 = 0. Orciona —a =
(uF+1)/u = (u*+1) /uFt o ectb uF 2 = 1, w2 +bu+1 =0 = v +au+1 = v’ +au+1,

a =b.

Bmopoe pewenue. O6oznaunm P(r) = 22 + bx + 1. Tlyers a # 0, unade 04eBU/HO, YTO
a(a —b) = 0. Ecm 2% 4+ ax + 1 pemmrea na P(x), To 2F + az® ! + 1 Toxe menurea na

P(z). Torya ux pasnocts ax® ! — az jesnres na P(z), a snaunt u 2772 — 1 gennres na
P(z). Ocrarok npu genennn x¥ + ax* 1 + 1 na 272 — 1 pasen 2° + ax + 1, n on Toxe

oyner penuresa na P(x). Us 22 + bx + 1 | 22 + ax + 1 caenyer a = b.

3. Tocnenosarenbuocrs {,} 3amana yeaopusvu xo = 1, x1 = 1, Tpy1 = 22, + Ty
upu n > 1. Jlokaxkure, 9T0O €CJIM 4UCIO X, — IPOCTOE, TO N — JUOO CTEleHb YuC/a 2,

JI0OO IIPOCTOeE.

Pewenue. 3aMeTHM, UTO TIOCIEI0BATEILHOCTD ¥y = (™ + f")/2, rne o = 1 ++/2 u
f =1 — /2, HOAXOAUT YCJIOBUIO, TAKIKE OUEBIIHO, UTO OC/IEI0BATEILHOCTD, HOIXOII-
mast yCJIOBHIO, €AMHCTBEHHA, [TO3TOMY T = ¥, JJId Bcex n. Jomycrum, 9TO ¥, HIPOCTO
IpX HEKOTOPOM 7y, W M HEe MPOCTOe YNUCI0 U He SIBJAsSeTCsl CTeleHbio JBoiKu. Torma n
MMeeT Takoil HedeTHbIN jgesmresb k > 1, aro | = n/k > 1. I3 ycioBus oueBujHO, 910
I0CJIEJIOBATE/IbHOCTD Ty, CTPOIO BO3PACTAET, IIOITOMY Xj > X > 1.
n n Nk Ik
a"+ 6" (@) +(5)"
2 2
al + 43

=== (al(k—l)ﬁl + a2 +alﬁl(k—1)> — - X

BameruM, 4T0 X ABJISIETCSI CUMMETPUIECKUM MHOI'OYJIEHOM OT < M (3 C HEJIBIMU KO3(D-

dbunmenTamu, 1Mo3TOMY BbIpazkaercs depe3 o+ S = 2 u aff = —1 ¢ neabiMu Koahpu-
[UEHTAMU, 3HAYHUT, sABJIsgeTcs IejibiM. OTCIojla IPOCToe X, JICJINTCH Ha X7, 9TO BXOJIUT B

IPOTUBOpEUNe ¢ HEPaBEHCTBOM X, > X > 1.



4. Haiijure HauMmenblee mojoxureibHoe C' Takoe, ITO HepaBEHCTBO
x 1 Y 1 z 1
: + : + : <C
Vyz o x+1 Jzx y+1  Jry z+1
BBITTOJTHEHO JIJIS JIIOOBIX TTOJIOXKUTE/IHLHBIX YHCeNT X, ¥, Z, YAOBJIETBOPSIONINX PABEHCTBY
1 1 1

=1.
x+1+y+1+z+1

Pewenue. Cnemaem sameny: ¢ = 1/(z +1), b = 1/(y +1), ¢ = 1/(z + 1), orkyaa

r=(0-a)/a,y=(10-0)/b,z=(1-¢c)/fc,a+bt+c=1,
x'1+y.1+z.1:

JiE 41 ez oy+l . a2+l

be ca ab
_(1_a)\/(1—b)(1—c)+(1_b)\/(1—c)(1—a)+(1_C)\/(1—a)(1—b)_W

Bosbmem a = b =¢,c =1 — 2¢. Torua

W= V31— ),/ 11__2; L2 A 11_ 2; — V3(1 - %),

1—¢ —

Ecm 0 < D < /2, to npunsis € = (1 — D/+/2)/2, noayuanm, uro W > D. Iosromy

Tpebyemoe C GoJIblIe WIH PABHO v/ 2.

TokaxxeM, aro W Bcerja e mpeBocxoanT v/2. Bes orpanutdenus oGIIHOCTH, ¢ SBJISETCS

HAMOOJIBIINM CPeIn duces a, b, c. 3aMeTuM, 4TO CJie/IyIolle HepaBeHCTBa BEPHBI:

bc b c b
(1_“)\/(1—b)(1—c)(1_a)\/1—c'a+c<(1_a) 1— ¢
(1_6)\/(1—5?1—&):(1_6)\/1ic'bjc<(1_b) lic’

ab b a b
a\/(l_a)(l_b)a\/l—a.a-i-cga 1—-c¢

b ab b\/ a b o a
— . <a .
(1—a)(1-0) 1—-b b+c 1—c

Ecnn nx CJIOZKUTD, IIOJIYYUM, 9TO

[ a [ b
W < )
1—cJr 1—c

3aMeTnM, 4TO CyMMa IIOJIKOPEHHBIX BhIPayKeHUit paBHa 1, I09TOMY 110 HEpaBEHCTBY MEK/Ly

CpeJHUM apuPMETHUYECKUM W CPEJIHUM KBaJPATUICCKUM UMEEeM, 9TO

W < 2y1/2 =2
[Tostomy C' < V2, a snaunr C' = /2.



